A genuine N -partite entangled state is an N -partite state that cannot be written as a mixture of states that are each separable with respect to some partition of the N components. In this paper, criteria sufficient to detect genuine multipartite entanglement using continuous variable (CV) measurements are derived. It is shown by counterexample that unless one restricts to pure states or imposes other conditions, the original approach of van Loock and Furusawa [Physical Review A 67, 052315 (2003)] is not generally sufficient to detect genuine tripartite entanglement.
There has been strong motivation to create and detect quantum states that have many atoms [1] [2] [3] [4] [5] [6] [8] [9] [10] [11] [12] [13] , photons [14] [15] [16] or modes [17] [18] [19] [20] [21] [22] [23] entangled. Beyond the potential application to quantum information tasks [8, 24] , such states provide evidence for mesoscopic quantum mechanics. In the experiments, it is important that one can clearly distinguish genuine multipartite entanglement from entanglement produced by mixing quantum states with a fewer number of systems entangled. Three systems are said to be genuinely tripartite entangled iff the density operator for the tripartite system cannot be represented in the biseparable form [9] ρ BS = P 1
Here ρ R ij and ρ R k are arbitrary quantum density operators for the composite system i and j, and for k, respectively. The P 1 , P 2 and P 3 are probabilities for the system being in a state with a given bipartition. Thus, k P k = 1, and R η (k) R = 1. In this paper, I use the above definition to derive criteria sufficient to confirm genuine N -partite entanglement, as detected by continuous variable (CV) measurements i.e. measurements of position and momentum, or quadrature phase amplitudes. An application of the criteria would be to witness the genuine entanglement of several spatially separated optical field modes [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] .
The continuous variable (CV) case is an important one [28] [29] [30] [31] . CV entanglement has significant applications to quantum information technology, providing efficient deterministic teleportation [32] and secure communication [33] . Moreover, CV multipartite entanglement can give evidence of the entanglement of multiple macroscopic systems, consisting of many photons [19, 34] . The CV criteria can also be applied to optomechanics [35, 36] , as a means to demonstrate the entanglement of massive mechanical harmonic oscillators.
In order to claim genuine multipartite entanglement, there is a need to falsify all mixtures of the bipartitions, as opposed to negating that the system can be in any one of them. This requirement makes the task of detecting genuine continuous variable (CV) multipartite entanglement more difficult than is currently appreciated. Previous CV criteria that have been applied to experiments so far assume Gaussian states [37, 38] , or else cannot negate all mixtures (1) [17] .
The unambiguous detection of multipartite entanglement in a way that falsifies all quantum biseparable models (1) for N spacelike separated systems would represent a milestone experimental test of quantum mechanics [1, 9] . Such a demonstration would eliminate all "quantum separable" nonlocality models [39] [40] [41] . These models assume Bell's local hidden variable theories [42] , but additionally constrain that the local realistic states are to be consistent with quantum mechanics. So far, such models have been negated "loophole-free" for N = 2 [43] [44] [45] . Experiments for larger N however are less conclusive. Either there has not been significant spatial separation [11, 12, 16] , or else additional assumptions are invoked, such as purity with respect to bipartitions [18, 19] , Gaussian states [37, 38] , fair sampling [15] or the fixed dimensionality of the Hilbert space [9] . This paper presents criteria for the detection of CV multipartite entanglement, based only on the assumptions of separability (1) and the validity of the quantum uncertainty relations for the position and momentum measurements performed.
Conditions sufficient for CV multipartite entanglement were derived in a seminal paper by van Loock and Furusawa [17] . They showed that the violation of a number of inequalities can exclude that the system is in any one of the possible quantum bipartitions. These inequalities have played a significant role in the study of CV multipartite entanglement [18] [19] [20] [21] [22] [23] . If one makes additional assumptions about purity, then this approach is indeed sufficient to prove genuine multipartite entanglement. More generally, however, it is not, if we are to exclude all biseparable mixtures (1). I will show that genuine N -partite entanglement can be detected using the van Loock-Furusawa inequalities, but the particular proof I give here requires violation by more than 30% which is greater than has been reported [18, 19] .
The aim is to derive inequalities based on the assumption Eq. (1) of the biseparable mixture. First, we con-sider the tripartite system described by
where two but not three of the systems can be entangled. We consider that each system is a single mode with boson operator a j (j = 1, 2, 3) and define the quadrature amplitudes as x j = (a j + a † j )/2 and p j = (a j − a † j )/(2i). Assuming only the uncertainty relation ∆x j ∆p j ≥ 1/4, van Loock and Furusawa proved that the separability assumption of (2) implies the inequality:
where u = h 1 x 1 +h 2 x 2 +h 3 x 3 and v = g 1 x 1 +g 2 x 2 +g 3 x 3 .
In their paper, van Loock and Furusawa consider the three inequalities
which are defined for arbitrary real parameters g 1 , g 2 and g 3 . They point out, using the result Eq. (3), that inequality B I ≥ 1 is implied by both the bipartitions ρ 13,2 and ρ 23,1 , which give separability between systems 1 and 2. Similarly, the second inequality B II ≥ 1 is implied by the bipartitions ρ 13,2 and ρ 12,3 . The third inequality B III ≥ 1 follows from ρ 12,3 and ρ 23,1 . In this way, van Loock and Furusawa show that the violation of any two (or more) of the inequalities (4) is sufficient to rule out the possibility that the system is described by any one of the bipartitions Eq. (2). This result has been used in experimental scenarios to give evidence of the existence of a "fully inseparable tripartite entangled state".
However, the result is not sufficient to confirm genuine tripartite entanglement, as can be verified by a counterexample. The reason is that inequalities that rule out the simpler case of Eq. (2) do not rule out the general biseparable case Eq. (1).
Proposition (1): The violation of two (or more) of the van Loock-Furusawa inequalities (4) is not sufficient to imply genuine tripartite entanglement, as given by the condition (1).
Proof: Consider the mixed biseparable state
where ρ 12 and ρ 23 are two-mode squeezed states [46, 47] , defined by ρ km = |ψ km ψ km | where
Here, |n k are the number states of mode k, x = tanh(r) and r ≥ 0 is the squeeze parameter that determines the amount of two-mode squeezing (entanglement) between the modes k and m. The ρ j are single mode vacuum squeezed states, with squeeze parameter denoted by r ′ . The component ρ 12 ρ 3 can violate the inequality B I ≥ 1, while ρ 23 ρ 1 can violate the inequality B II ≥ 1. To prove our proposition, it suffices to show that ρ c Bs can violate both inequalities. We select g 1 = g 3 = g. Let us examine the first inequality B I ≥ 1. For any mixture ρ = R P R ρ R , it follows that O = R P R O R where O R is the expectation value of O for the system described by density operator ρ R . We see immediately that for the state ρ c BS , x i = p i = 0. We then see that B I = R P R B I,R where B I,R is the quantity B I evaluated for ρ R . Here, R = 1, 2. For the evaluation of B I,1 , we use that for a two-mode squeezed state ρ km :
For a single-mode squeezed vacuum state ρ j , x 2 j = exp(2r ′ )/4 and p 2 j = exp(−2r ′ )/4. On evaluating B I,2 , we use that the density operator is separable with respect to modes 1 and 2 e.g. x 1 x 2 = x 1 x 2 . Also, we note that for the state ρ 12 ρ 3 :
On the other hand, for ρ 23 ρ 1 we use that p 2 p 3 = sinh(2r)/4, and hence
which gives the final expression for the first inequality:
where a = (10 + g 2 + 2g)/16, b = (2 + g 2 − 2g)/16, c = (1 + g 2 )/8 and d = 1/8. We note from the symmetry of ρ c BS with respect to systems 1 and 3 that B I = B II . The minimum value for B I and B II on optimising r and r ′ is 2 √ ab + 2 √ cd, as readily found on differentiation. At g = 0, the minimum value is B I = B II = (1 + √ 5)/4, which is less than 1. Similarly, at g = 1, the case utilised experimentally [18] , the minimum is ( √ 13 + 2 √ 2)/8, which is also less than 1. In fact, a counterexample is provided for all 0 ≤ g ≤ 1.
The mixed state (5) cannot violate the inequality B
exists which violates all three inequalities, but the violation is reduced to ∼ 10%. It is worth noting that neither counterexample can predict the level of violation of the inequalities (20%) that is observed experimentally for all three inequalities (4) [18] .
Nonetheless, we are now motivated to derive criteria that would suffice to prove genuine tripartite entanglement, according to the definition (1), without introducing extra assumptions. The first follows from a result given by van Loock and Furusawa. They show that the inequality
where
Criterion (1): The violation of the inequality Eq. (8) is sufficient to confirm genuine tripartite entanglement.
Proof: For any mixture, the variance cannot be less than the variances of the components [48] . Thus, if the system is described by (1) it is true that
because each of the states denoted R are biseparable and
Hence, the violation of the inequality confirms genuine tripartite entanglement.
As pointed out in Ref. [17] , this criterion is satisfied by a state created from a two-mode entangled state when one mode is combined with a vacuum mode across a 50:50 beam splitter, if the initial entanglement is large enough. Entanglement between mode 1 and the group 2, 3 is confirmed when (∆u) 2 + (∆v) 2 < 1, so that this criterion requires 50% greater violation than to confirm entanglement. These states have been generated in experiment [19] . We note Criterion (1) can be generalised.
Criterion (2): Violation of the inequality
where u = h 1 x 1 + (h 2 x 2 + h 3 x 3 ) and v = g 1 p 1 − (g 2 p 2 + g 3 p 3 ) is sufficient to confirm genuine triparite entanglement. Proof: Using Eq. (3), we see that the bipartition ρ 12 ρ 3 implies (∆u) 2 + (∆v) 2 ≥ {|g 3 h 3 | + |h 1 g 1 − h 2 g 2 |}/2, the bipartition ρ 13 ρ 2 implies (∆u) 2 + (∆v) 2 ≥ {|g 2 h 2 | + |h 1 g 1 − h 3 g 3 |}/2, and the bipartition ρ 23 ρ 1 implies (∆u) 2 + (∆v) 2 ≥ {|g 1 h 1 | + |g 2 h 2 + h 3 g 3 |}/2. Thus, using the relation (9), we see that any mixture Eq. (1) will imply Eq. (10).
The experiment of Ref. [18] generates a CV GHZ state [18, 24] , which is a simultaneous eigenstate of the momenta-sum p 1 + p 2 + p 3 , and the position-difference x j − x k (j, k = 1, 2, 3). The GHZ state is genuine tripartite entangled. It is possible to verify the genuine tripartite entanglement of a CV GHZ state using the van Loock-Furusawa inequalities Eq.(4), provided there is enough violation. This leads us to a third criterion for genuine tripartite entanglement.
Criterion (3): We can confirm genuine tripartite entanglement, if the following inequality is violated:
where B I ≥ 1 , B II ≥ 1 and B III ≥ 1 are the van LoockFurusawa inequalities, Eq. (4). Proof: Consider any mixture of the form Eq. (1). Using the result (9), since B I is the sum of two variances of a mixture, we can write [48] B I ≥ P 1 B I,1 + P 2 B I,2 + P 3 B I,3 ≥ P 1 B I,1 + P 2 B I,2 . Now we know that the first two states of the mixture satisfy the inequality, B I ≥ 1. Hence, for any mixture B I ≥ P 1 + P 2 . Similarly, B II ≥ P 2 + P 3 and B III ≥ P 1 + P 3 . Then we see that since 3 k=1 P k = 1, for any mixture it must be true that
Criterion (3) is the main result of this paper. For symmetric systems, where B I = B II = B III , the condition Eq. (11) requires B I < 2/3. This level of noise reduction (which is 2/3 the vacuum noise level) has not been reported to date, but would seem feasible in the set-up of experiment [18] . The ideal CV GHZ state violates the inequality, with B I = B II = B III → 0.
Where one has asymmetric systems [19] , the following criterion involving just two inequalities may be useful.
Criterion (4): We can confirm genuine tripartite entanglement, if any two of the inequalities B I ≥ 1, B II ≥ 1, B III ≥ 1 given by (4) with g 1 = g 2 = g 3 = 1 are violated by a sufficient margin, so that B I + B II < 1 (or B I + B III < 1, or B II + B III < 1).
Proof: We wish to show that any mixture (1) will imply B I + B II ≥ 1, where g i = 1. By definition, we use
Hence for the mixture
We have used For pure states, the original argument of van Loock and Furusawa will apply. States with maximum purity that are not tripartite entangled are described by (1), but with only one of the probabilities P 1 , P 2 , P 3 nonzero. This means the system is in a fixed bipartition, either ρ 12 ρ 3 , ρ 13 ρ 2 , or ρ 23 ρ 1 . The van Loock-Furusawa approach can then be used, to negate this possibility. A system of maximum purity can be proven genuine tripartite entangled when any two of the inequalities (4) are violated. Motivated by this, we seek a condition sufficient to prove genuine tripartite entanglement, provided the "purity" of the quantum state with respect to a given bipartition is assumed high enough. This leads us to the next criterion.
Criterion (5): Let us make the additional assumption, that the system is in a mixture (1) where one of the P i exceeds a certain value, denoted p. Suppose P 2 ≥ p. Then the result (12) implies B I + B II ≥ 1 + p. If P 1 = p, then B I +B III ≥ 1+p, and if P 3 , then B II +B III ≥ 1+p. Thus, with the validity of the additional assumption, we confirm genuine tripartite entanglement if we violate all three inequalities.
If we violate two inequalities (4), we can make some conclusions. Suppose we show by experiment as in [18] that B I + B II = 1.6. Then, we have satisifed the Criterion (5) with p > 0.6. This tells us, either we have genuine tripartite entanglement, or else that the system is described by a mixture, where P 2 < 0.6. If this degree of mixing can be negated by other measurements, then the conclusion of genuine tripartite entanglement becomes valid (although one must be aware of additional assumptions that may be introduced, in that negation).
Larger N : To prove genuine 4-partite entanglement one needs to exclude all mixtures of bipartitions represented as ρ 123 ρ 4 , ρ 124 ρ 3 , ρ 234 ρ 1 , ρ 134 ρ 2 , ρ 12 ρ 34 , ρ 13 ρ 24 , ρ 14 ρ 23 . The assumption of a particular bipartition is sufficient to imply certain inequalities. In this way, van Loock and Furusawa derived a set of six inequalities [17] ,
and showed that the violation of any three (or more) suffices to exclude that the system can be described as a state in any one of the bipartitions. A similar set of inequalities is derived for the case of arbitrary N . As we have seen, this is not enough to exclude that the system is in a mixture of the bipartitions. Further work is required, to prove genuine N -partite entanglement. However, we can extend the proof of Criterion (3), to show that sufficiently strong violations of the inequalities (as is predicted by GHZ states) will confirm genuine 4-partite entanglement.
Criterion ( Proof: As for Criterion (3), we begin by assuming a mixture ρ BS = k P k ρ k where ρ k is a density operator with the bipartition indexed by k = 1, 2, ....7. Van Loock-Furusawa showed that four of the bipartitions predict any particular one of the inequalities, because four of the bipartitions have separability with respect to the two systems specified by the subscripts of the positions measured in the inequality. We can write
P k B I,k ≥ P 3 + P 4 + P 6 + P 7 and similarly B II ≥ P 2 + P 4 + P 5 + P 6 , B III ≥ P 2 + P 3 + P 5 + P 7 , B IV ≥ P 1 + P 2 + P 6 + P 7 , B V ≥ P 1 + P 4 + P 5 + P 7 , B V I ≥ P 1 + P 3 + P 5 + P 6 . We see that J B J ≥ 3(P 1 + P 2 + P 3 + P 4 + P 5 + P 6 + P 7 ), which gives the result.
For symmetric systems of equal B J , we require B J < 1/2 in order to achieve Criterion (6) .
Conclusion: This paper examines how to confirm genuine multi-partite entanglement using CV measurements, pointing out that the general approach pioneered by van Loock and Furusawa is not in itself sufficient where one wants to exclude all mixed state models. Genuine tripartite entanglement could be proved for noise reductions at 2/3 the level necessary to violate the van Loock-Furusawa inequalities.
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